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Partial Chord Diagrams and Matrix Models

by Jorgen Ellegaard Andersen, Hiroyuki Fuji, Masahide Manabe,
Robert C. Penner, and Piotr Sutkowski!

Abstract

In this article, the enumeration of partial chord diagrams is discussed
via matrix model techniques. In addition to the basic data such as the
number of backbones and chords, we also consider the Euler characteristic,
the backbone spectrum, the boundary point spectrum, and the boundary
length spectrum. Furthermore, we consider the boundary length and point
spectrum that unifies the last two types of spectra. We introduce matrix
models that encode generating functions of partial chord diagrams filtered
by each of these spectra. Using these matrix models, we derive partial
differential equations — obtained independently by cut-and-join arguments
in an earlier work — for the corresponding generating functions.

1 Introduction

A partial chord diagram is a special kind of graph, which is specified as follows.
The graph consists of a number of line segments (which are called backbones)
arranged along the real line (hence they come with an ordering), with a number
of vertices on each. A number of semi-circles (called chords) arranged in the upper
half plane is attached at a subset of the vertices of the line segments, in such a
way that no two chords have endpoints at the same vertex. The vertices which are
not attached to chord ends are called the marked points. A chord diagram is by
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definition a partial chord diagram with no marked points. Partial chord diagrams
occur in many branches of mathematics, including topology [14, 30], geometry
9, 10, 3] and representation theory [16].

To each partial chord diagram c one can associate canonically a two dimen-
sional surface with boundary 3., see Figure 1. Moreover, as discussed in [56, 12,
2, 7], the notion of a fatgraph [42, 43, 44, 45] is a useful concept when studying
partial chord diagrams. A fatgraph is a graph together with a cyclic ordering on
each collection of half-edges incident on a common vertex. A partial linear chord
diagram c¢ has a natural fatgraph structure induced from its presentation in the

plane.
c )3
e —

Figure 1: The partial chord diagram (with marked points) ¢ and the corresponding
surface 3.. The type of this partial chord diagram reads {g, k,; {b;}; {n:}; {p:}} =
{1767 27 {bﬁ = ]-7 bS = ]-}7 {no = 27”1 = 2}7 {pl = 17172 = 2,])9 = 1}} The
boundary length and point spectrum is {n@) = 1,70,0) = 2,7(0,0,0,0,0,1,000) = 1}-

The partial chord diagram c is characterized by various topological data, and
we will consider the following five types of data, introduced in [2] and [7].

e The number of chords k& in ¢ and the number of backbones b in c.

e Euler characteristic xy and genus g.
Let x and g denote respectively the Euler characteristic and genus of X,
which are related as follows

X =2—2g.

Denoting by n the number of boundary components of 3., the Euler relation
can be written as

(1.1) 2-29=b—k+n.

e Backbone spectrum (by, by, . . .).
Let b; denote the number of backbones with i trivalent (i.e. chord ends) or
bivalent (i.e. marked points) vertices. The total number of backbones b is
then

(1.2) b= b,

>0
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and the total number m of trivalent (i.e. chord ends) and bivalent (i.e.
marked points) vertices of the partial chord diagram c is

(1.3) m= ib.

i>1

e Boundary point spectrum (ng, ny,...).
Let n; denote the number of boundary components containing ¢ > 0 marked
points of ¥.. The total number n of boundary components is

120

and the total number [ of marked points is

(1.5) 1= in,.

i>1
These three numbers m, k and [ satisfies

(1.6) m =2k + 1.

e Boundary length spectrum (pq,pa, . ..).
Define the length of a boundary component to be the sum of the number of
chords and the number of backbone undersides traversed by the boundary
cycle. Let p; be the number of boundary cycles with length ¢ > 1. By
definition, the following two relations hold

(1.7) n=> p
i>1
(1.8) 2k +b =" ip:.

i>1

The data {g, k,; {b;}; {ni}; {pi}} is called the type of a partial chord diagram c.

As a unification of the boundary length spectrum and the boundary point
spectrum, we consider the boundary length and point spectrum introduced in [7].
Let us here recall its definition.

e Boundary length and point spectrum.
We associate a K-tuple of numbers ¢ = (iy, ..., ix) with a boundary compo-
nent of length K, where iy (L =1,..., K) is the number of marked points
between the L'th and (L+1)’th (taken modulo K) either chord or underpass
of a backbone component (in either order) along the boundary.
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Let n; be the number of boundary components labeled in this way by 2. The
total number [ of marked points is

(1.9) [ = Z Z ZiLn(il ,,,,, iK)
and the total number n of boundary cycles is

(1.10) n=> n.

The data {g, k,;{b;},{ni}} stores more detailed information on the distribution
of marked points on each boundary component. One can determine the previous
two kinds of spectra from the boundary length and point spectrum by forgetting
the partitions of marked points on the boundary cycles.

It is known that the enumeration of chord diagrams is intimately related to
matrix models and cut-and-join equations [4, 5, 6, 20, 38]. In this paper, the
enumeration of partial chord diagrams labeled by the boundary length and point
spectrum with the genus filtration is studied using matrix model techniques. Let
Ny ra({bi}, {ni}) denote the number of connected chord diagrams labeled by the
set of parameters (g, k,[;{b;};{ni}). We define the generating function of these
numbers

(1.11)
Fla,y; {siti{w}) = Folw,yi {si}; {wi}),
b>1
Fey (s fh) = 5 30 S Npwalfoad fmah? 2 TL T TT it
TS bi=b {ng} i>0 K21 {ig}yE_,

Generating functions of disconnected and connected diagrams are related via the
exponential relation

(1.12) Z(x,y; {si}s {us}) = exp [F (2, y; {si}; {ua})] -

To analyze this enumeration further, we write the above generating function as
a certain Hermitian matrix integral. Let Zn(y; {s;};{wi}) be the matrix integral
over rank N Hermitian matrices Hy

Zn(y; {sif{w}) =

(113)  _ 1 M? 1/2 A —1 if—1
= Yol HNdM exp | — N'Tr T—Zsi(y ATM 4+ Ap)' AL )|,

i>0

where Ap and Ap, are external matrices [29] of rank N, and the normalization
factor Voly is defined in (2.4). In this matrix integral representation, the counting
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parameter ug, ) is identified with the trace of the corresponding product of
external matrices

1

(1.14) Ui, i) = 37 T (ABADMAZAT - AIFATY)
In Theorem 2.13 we show that
(1.15) Zn(y; {sits {wi}) = Z2(N "y {si}; {wi}).

- -~

- ~
7 N

/ \
/ \
LN
<«

Figure 2: The cut-and-join manipulations on chord diagrams.

This matrix integral representation provides a new, matrix model proof of
the cut-and-join equation found by combinatorial means in [7]. The cut-and-join
equation can be written as

0
(1.16) a—yz(%% {sifi{ui}) = MZn (2, y; {si}; {ui}),
where M is the second order partial differential operator in variables wu; (see
Theorem 3.11 for details). This cut-and-join equation can be regarded as the
evolution equation in the variable y, and its formal solution reads

Z(z,y; {si}; {wi}) = MZ(2,0; {s:}; {wi}),

1.17
( ) Z(x, 0; {Si}; {Uz}) _ eN2 Y0 Siu()

Expanding the operator e¥™ around y = 0, one determines the number of
connected partial chord diagrams N ;({b:},{n:}) iteratively from this formal
solution. The cut-and-join equation is a powerful method to systematically count
partial chord diagrams of a given length and point spectrum.

In this work we also generalize the above analysis to non-oriented analogues of
partial chord diagrams. By non-oriented partial chord diagrams we mean diagrams
with all chords decorated by a binary variable, which indicates if they are twisted
or not. When associating the surface Y. to a non-oriented partial chord diagram,
twisted bands are associated along the twisted chords as indicated in Figure 3.
This construction leads to 2% orientable or non-orientable surfaces associated to
one particular partial chord diagram with k chords, if we consider all possible
assignments of twisting or untwisting of £ bands. In the non-oriented case the
Euler characteristic is defined as follows.
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e Euler characteristic y.
The Euler characteristic of the two dimensional surface ¥, is defined by the
formula

X = 2 — h‘7
where h is the number of cross-caps. The Euler relation holds

(1.18) 2—h=b—k+n.

With this setup, the enumeration of non-oriented partial chord diagrams can be
considered analogously to the orientable case.

/" 7\ Chord Band
m Twisted chord ~ X Twisted band

Figure 3: A non-oriented surface ¥. associated to a non-oriented partial chord
diagram c.

Let Ngi({b:}, {n;}) denote the number of connected non-oriented partial
chord diagrams with the cross-cap number A, k chords, the backbone spectrum
{b;}, | marked points, and the boundary length and point spectrum n;. The

generating function F (x,y;{s:};{wi}) is defined by

(1.19)
Fla,y; {si}i {ws}) = Zfb@:, yi {si}; {wi}),
Folz,y; {s:}; {ws}) = Z Zth{b}{m} h2kH$ H H uy’
Z b;=b {n;} i>0 K>1{ZL}K:

We also define the generating function of the numbers of connected and discon-
nected non-oriented partial chord diagrams

(1.20) Z(,y: {sid: ) = exp [Fla,y {sid: {wh)]

In Theorem 4.5 we show that this generating function can be expressed as a real
symmetric matrix integral with two external symmetric matrices Q2p and €2,

(1.21)
Z(NY s {si}s {wi}) = 2 (y; {si}: {wi}),
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Zy(y; {si}i {ws}) =
(1.22)

1 M2 .
=—— dM exp | = NTr[ — = ) s;(y*?Q7 M 4+ Q 19-1)],
Vol (R) /HN(R) P { ( 4 Z v, PV

i>0

where the normalization factor Voly(R) is defined in (4.8), and Hy(R) is the
space of real symmetric matrices of rank N. The parameter u, ;) is identified
with a trace of the external matrices via the formula

1 . . ,
(1.23) Uis,ige) = 37 ¥ (Lo EO - QiFOcY)

Using this matrix integral representation of the generating function, one can
again prove the cut-and-join equation, established independently by combinatorial
arguments in [7]

(1.24) a%zv@; (s:): {us}) = M2 (y: {s:}: {ws)).

where M is a second order partial differential operator in the variables u;. The
details of the differential operator M and the matrix model derivation of the
cut-and-join equation are presented in Theorem 4.10.

1.1 Motivation: RNA chains

One important motivation to study partial chord diagrams in this and the preced-
ing work [2, 7] is a complicated problem of RNA structure prediction in molecular
biology, which we now shortly review.

An RNA molecule is a linear polymer, referred to as the backbone, that con-
sists of four types of nucleotides: adenine, cytosine, guanine, and uracil, denoted
respectively A, C, G, and U. The backbone is endowed with an orientation
from 5’-end to 3’-end, and the primary sequence is the sequence of nucleotides
read with respect to this orientation. Between nucleotides hydrogen bonds are
formed, resulting in the so-called Watson-Click pairs involving A — U or G — C
nucleotides; in addition Wobble pairs U — G can be formed. The set of base pairs
formed by such hydrogen bonds is referred to as the secondary structure.? Pre-
diction of the secondary structure from the primary sequence is an outstanding
problem that was initiated by the pioneering work of Michael Waterman [57] and
has been studied intensively for last three decades.

Topologically, we can represent the base pairings for a given RNA structure
by a partial chord diagram as follows. The backbone is represented as a disjoint
union of horizontal straight line segments (arranged along the real line in the

2There are other types of interactions in RNA secondary structure, which are however less
common and we ignore them in this discussion.
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H-type Kissing hairpin

=

Figure 4: Pseudoknot structures in RNA. The long curved line, blobs (i.e. marked
points), and short lines represent the backbone, nucleotides, and base pairs, re-
spectively.

plane), one for each backbone component, and each nucleotide is represented as
a marked point on this union of line segments. The base pairs are represented by
chords in the upper-half plane attached at two marked points corresponding to
the bonded pair of nucleotides.

Note that a partial chord diagram has genus zero if no two of its chords cross
each other. If however such crossings exist, then the structure is referred to as a
pseudoknot, and its genus is non-zero. Considerable number of pseudoknot struc-
tures have been observed, e.g. tRNAs, RNAseP [31], telomerase RNA [53] and
ribosomal RNAs [28]. According to the online database “RNA-strand” half of the
known structures form pseudoknots [13]. There are various kinds of pseudoknots
classified by the topology of the RNA [12], referred to as e.g. H-type [1], kissing
hairpin [17, 51], etc.

In recent years, a combinatorial description of RNA structures in terms of
linear chord diagrams has been developed in a series of works [41, 56, 55, 12, 11,
8,4, 5, 2,49, 46]. However, a large class of reasonable energy-based models that
predict the secondary structure including pseudoknots are NP complete [32, 1],
and a fully satisfactory energy model for RNA, including pseudoknot structures,
has not been established yet.

In the search of a realistic energy function for RNA structures with pseudo-
knots, the boundary length and point spectrum should provide a useful tool that
includes more detailed information about the location of marked points. In stan-
dard algorithms developed by Waterman [58], Nussinov et al. [40], Zucker and
Stiegler [61], etc., dynamic programming (DP) has been used to predict most
likely secondary structures. Indeed, in famous algorithms such as [60, 25|, the
(loop-based) energy in each configuration of RNA is considered. In these algo-
rithms, the most probable secondary structure is determined as the minimum free
energy configuration, and to make them more efficient the statistical mechanical



Partial Chord Diagrams and Matrix Models 241

(4) (A9

oD

(B)

Figure 5: Partial chord diagrams unveil the difference in the topological structure
of RNA molecules.

ensemble (i.e. the partition function algorithm) is implemented [34]. The ap-
plication of these algorithms, which include pseudoknot structures stratified by ~
structures, was studied in [50, 49]. Most of the energy functions essentially respect
the boundary point and length spectra independently. In order to improve the
energy model for RNA structure prediction with pseudoknots, it would be useful
to explore energy parameters for more realistic and efficient energy function on
the basis of the boundary length and point spectrum.

1.2 Plan of the paper

This paper is organized as follows. In Section 2 we construct Hermitian matrix
models with external matrices, which encode generating functions of orientable
partial chord diagrams labeled by the boundary point spectrum (in Subsection
2.1), the boundary length spectrum (in Subsection 2.2), and the boundary length
and point spectrum (in Subsection 2.3). All these constructions are established by
the correspondence between chord diagrams and Wick contractions via the Wick
theorem. The matrix model encoding the boundary length and point spectrum
is given in Theorem 2.13. In Section 3 we derive partial differential equations for
matrix integrals found in Section 2. These partial differential equations coincide
with the cut-and-join equations found combinatorially in [2, 7]. The cut-and-join
equation for partial chord diagrams labeled by the boundary length and point
spectrum is determined in Theorem 3.11. Section 4 is devoted to the analysis of
non-oriented analogues of the results obtained in Section 2 and 3. In Subsection
4.1 we find real symmetric matrix models with external matrices, that encode
generating functions of both orientable and non-orientable partial chord diagrams.
The non-oriented analogue of the matrix integral from Theorem 2.13 is given in
Theorem 4.5. Non-oriented analogues of cut-and-join equations from Section 3
are determined in Theorem 4.10. In Appendix A we derive a partial differential
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equation from Proposition 4.7 for a real symmetric matrix integral with external
matrices. In Appendix B we prove Lemma 4.9.

2 Enumerating partial linear chord diagrams via
matrix models

The enumeration problem of partial chord diagrams with respect to the genus
filtration has been reformulated in terms of matrix integrals. Matrix model tech-
niques for enumeration of the RNA structures with pseudoknots have been devel-
oped in a series of papers [41, 56, 55|, and independently in [4, 5, 6]. Subsequently
the analysis involving boundary point and length spectra of partial linear chord
diagrams has been conducted in [2, 7]. In this section we develop a new perspec-
tive on this problem and construct a matrix model that enumerates partial chord
diagrams labeled by the boundary length and point spectrum.

2.1 A matrix model enumerating partial chord diagrams

In the first step we construct a matrix model that counts partial chord diagrams
labeled by the boundary point spectrum {n;}.

Definition 2.1. Let N, ;,;({b;}, {n;:}, {p:}) denote the number of connected par-
tial chord diagrams of type {g, k,[;{b;};{n:};{p:}}. In particular, focusing on
the boundary point spectrum we define the following number of partial chord
diagrams characterized by the data {g, k,[;{b;},{ni}},

Ng,k,l({bi}u {ni}) = ZNg,k,l({bi}a {ni} Api}).
{pi}
We introduce the generating function® for the numbers Ny i ({b;}, {n:})

F(x,y; {si}; {t:}) = ZFb z,y; {si; {ti}),

b>1

Fy(w,y; {si}; {t:}) = Z > Nowa({bi} dnih)a® 2y T s,

Z bi=b{n;} 120

(2.1)

The generating function for the numbers ./(\/’M,l({bi}, {n;}) of connected and
disconnected partial chord diagrams arises in the usual way from the exponent

Z"(w,y; {siki {t:}) = exp [F (2, y3 {si}; {t:})]
(2.2) =3 Newal{bid {ni ety [ sher.

{bi} {ni} i>0

3The parameters s; and ¢; in this article and in [2] are related by s; <> t;.
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In the following we rewrite the generating function Z%(x,y; {s;}; {t;}) as a Her-
mitian matrix integral. To this end, we consider first Gaussian averages over
Hermitian matrices.

Definition 2.2. Let O(M) be a function of a rank N Hermitian matrix M. The
Gaussian average (O(M))$ is defined by the integral over the space Hy of rank
N Hermitian matrices with respect to the Haar measure dM with the Gaussian

2
—NTr M=

weight e ,

23) OO = g

where the normalization factor Voly takes form

/ dM O(M) e N5
HN

(2.4) Voly = / dM o NI NNNEDNG](H ).
HN
In particular for O(M) = MysM,. (o, 8,7, =1,...,N), the Gaussian average is
— o 1
(2.5) MapMis = (MapMye)y = 570ac0py-

This quantity is called the Wick contraction. By definition, a multiple Wick
contraction is a product of the Gaussian average of each Wick contracted pair.

It follows from the definition (2.3) that Gaussian averages of an odd number of
matrix elements vanish. On the other hand, Gaussian averages of an even number
of matrix elements are non-zero, and can be computed using the Wick theorem
[15, 43, 37], as we now recall. Consider an ordered sequence

Malﬁl Ma252 T Mazkﬂ%

of 2k matrix elements M,, 5, (n=1,...,2k).

Let P denote a set of matchings by £ Wick contractions among the 2k matrix
elements in the above sequence. P is isomorphic to the following quotient of
groups

PkQGH/GE, GH:S%, GE:Sk X (SQ)k

Here the elements of the permutation group S, permute 2k matrix elements. The
factors Sy of G act by permuting k Wick contractions and (S;)* swaps matrix
elements in each Wick contracted pair. The Wick theorem implies the following
result.

Theorem 2.3. The Gaussian average of 2k matriz elements My, 5, (n=1,...,k)
equals

k
|
G __
<Ma161Ma2ﬁ2 T Ma2k52k>N - Z H Mag(Qi—l):Bo'(Qi—l)Maa(Qi)BU(Qi)

o€l i=1

k
—1 E ) )
= NF H o (2i—1)Bo(2i) Yo (20) Bo(2i—1) *

O'EPk =1

(2.6)
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2.1.1 Chord diagrams and Wick contractions

Let ¢ be a chord diagram. We now recall the explicit relation between a surface
Y. associated to a chord diagram c¢ and k-matchings or Wick contractions in
the Gaussian average. To illustrate this correspondence we depict chord ends on
backbones in ¥, as trivalent vertices that consist of upright and horizontal line
segments, see Figure 6. This correspondence is specified by the following four
points C1-C4.

Figure 6: Bijective correspondence between chord diagrams and Wick contrac-
tions.

C1 A matrix element M,z corresponds to a chord end on a backbone. Indices
a,B(=1,...,N) are assigned to two upright line segments on the upper
edge of the backbone.

C2 If two matrix elements M3, My, ,3,,, correspond to two adjacent chord ends
on the same backbone, then the following quantity is assigned to the hor-
izontal segment between these two chord ends on the upper edge of the
backbone

N
§ : 0801+
ajt1,85=1

This assignment encodes matrix multiplication of matrix elements corre-
sponding to adjacent chord ends on the backbone.

C3 For the product of i matrix elements M

N N
Z Z Ma1515510¢2M0¢252 R 55i—1aiMaiBi - (Ml)alﬁw

02,...,05=1 f1,....b; _1=1
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which corresponds to a backbone with ¢ chord ends, the following quantity
is assigned to the bottom edge of the backbone

N
N Y s

a1,Bi=1

Thus, a backbone with ¢ chord ends corresponds to a single trace of the ¢'th
power of M, namely NTrM®.

C4 The Wick contraction between M, g, and My g corresponds to a band
VAR

connecting two chord ends. Each Wick contraction imposes a constraint
0a;87,0a,5; ON Matrix indices assigned to the edges of the chord ends matched
J J

by the Wick contraction.

The above rules imply the following bijective correspondence

(2.7) WE({b)) = <H (NTrMi)bi>i, Y b = 2k,

7

between matchings by k& Wick contractions in the Gaussian average on one hand,
and chord diagrams that consist of b; backbones with ¢ chord ends on the other
hand, see Figure 7.

N I 1 I 1
Q—Q N Y MaeMagayMaye, Masa,

ay,az,03,04=1

N |—|_|—|
@ N Z N[CYIUQA/[Q2U¢3]\/1(¥3LV4 ]\/1044041

a1,az,03,04=1

N | — |
N > MaaMayay Maga, Moy,

ay,02,03,004=1

Figure 7: Chord diagrams and Wick contractions for (NTrM*)§.

The Wick contractions (2.6) in W ({b;}) replace all matrix elements M’s by
products of §’s, and summing over matrix indices along a boundary cycle one
finds a factor of N corresponding to each boundary cycle in a chord diagram.
Therefore the overall N dependence following from the above rules amounts to
assigning N*=*" factor to the term W ({b;}), corresponding to a chord diagram
with backbone spectrum {b;} and n boundary cycles. Combing the Wick theorem
and this bijective correspondence between matchings by & Wick contractions in
the Gaussian average WS ({b;}) and the set of chord diagrams with backbone
spectrum {b;}, the following proposition follows.
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Proposition 2.4. The Gaussian average W ({b;}) in equation (2.7) agrees with
the generating function of chord diagrams with backbone spectrum {b;}

(2.8) Wb =D Niga({bi )N

n>0

Here N, kbn({0:i}) is the number of chord diagrams that consist of b; backbones
with ¢ trivalent vertices

(2.9) Nkbn {b} ZNkbl 0 {b} no =n, {TLZ O}iZh{pi})'
{pi}

2.1.2 Partial chord diagrams and Wick contractions

We now generalize the above bijective correspondence to partial chord diagrams.
Let ¢ be a partial chord diagram. On the boundary cycles of the surface X,
we add additional marked points, which correspond to those marked points on
¢ which are not chord ends. These marked points are represented by external
matrices Ap of rank N in the Gaussian average. The rules P1-P5 below provide
the correspondence between partial chord diagrams with backbone spectrum {b;}
and matchings with & Wick contractions in the Gaussian average.

P1 A matrix element M,z corresponds to a chord end on a backbone. The
graphical rule is the same as the rule C1.

P2 A matrix element Ap,p corresponds to a marked point on a backbone in ..
Indices a, B(=1,..., N) are assigned to two upright line segments at each
marked point on the upper edge of the backbone, see Figure 8.

P3 To aline segment (on the upper edge of the backbone) between adjacent chord
ends or marked points (located on the same backbone), corresponding to

matrix elements Uy, g, and V,, 3., (for U,V = M or Ap), we assign

N
(210) Z 5ﬁjaj+17

Bj,oj41=1
just as in C2.

P4 Let vj,w; € Z>o (j = 1,...,1) with Zé.:l(vj +w;) = i. For an ordered matrix
product

(2.11) (MU A MUZAR? - MUAY

a1Bis

corresponding to a backbone which is an ordered sequence of v; chord ends
and w; marked points, we assign

N
N Z 551'&1

a1,B;=1
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to the bottom edge of this backbone. It follows that the trace
(2.12) NTr(M AR M2 AR? - - - MUAEY)
is assigned to this backbone.

P5 The Wick contraction between M, 3, and My g, corresponds to a band con-
J

necting two chord ends, and it is represented in the same way as specified
in C4.

N

>

ajt1,B8;=1

Sy b 4l 3L
Ap M r - M
T—N Z 08,0,

a1,Bi=1

Figure 8: Bijective correspondence between partial chord diagrams and matchings
of Wick contractions

For a fixed backbone spectrum {b;}, all possible sequences {«;,5;} in the
expression (2.12) are generated by the following product of traces

(2.13) T (NTe(M + Ap)))™

>0

Hence, by the above rules, all partial chord diagrams with the backbone spectrum
{b;} correspond bijectively to all matchings by Wick contractions among the M’s
in the expansion of the Gaussian average

(2.14) W) ) = (TT (Vs + 4™

, N
>0
where we introduced the reverse Miwa times

1 )
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If there are n; boundary components containing ¢ marked points, then one
finds a trace factor (TrA%)™ in the corresponding term in the Gaussian average
(2.14), see Figure 9. Therefore, for partial chord diagrams with the backbone
spectrum {b;} and the boundary point spectrum {n;}, the corresponding term in
W ({b:}, {r:}) contributes the factor

b—k+n n;
N H Tt

>0

e e

EN 2
N AJ()@ s Af(lQ(lg AP(1;5(14 AP(Y4(Y1 - NTrAP

ay,a2,a3,04=1

@%—’

M Ap M Ap

N
1
N Z ]\/[alagAPagag,A[a3a4APa4a1 = (Tl”Ap)2

ay,az,a3,004=1

Figure 9: Partial chord diagrams of types {¢ = 0,k = 1,1 = 2;by = 1;ny =
I,ng =1} and {g = 0,k = 1,1l = 2;by = 1;n; = 2}, and the corresponding Wick
contractions.

Therefore, from Wick theorem and the above bijective correspondence be-
tween partial chord diagrams and matchings by Wick contractions, one finds the
following proposition.

Proposition 2.5. The Gaussian average (2.14) is the generating function for the

numbers ﬁk,bJ({bi}, {n:}) of partial chord diagrams with the backbone spectrum
{b;} and the boundary point spectrum {n;}

(2.16) Wr{bd Ard) = > Nena({bd, {n )N T T,

{n:} i>0
where the summation is constrained by »_in; = > ib; — 2k.

Using this proposition, we consider the full generating function Z% (y; {s;}; {r:})
for the numbers Ny, ({b:},{ni}) of partial chord diagrams weighted by

b—k+4+n_ k b; n;
N Y Hsizriz.

>0



Partial Chord Diagrams and Matrix Models 249

Since the contribution from a partial chord diagram is invariant under permuta-
tions of its backbones, the full generating function

Zy(y (st Arid) = D00 Naga({bi}, {ni ) NP Fngym T shirt

{bs} {ni} 120
can be rewritten as a sum over all backbone spectra {b;} of the terms

b;
5y

b;!

y= P PWR Y P [ ]

It follows that
b, ib; /2

Zit (s ) = S TT = ( (VI + 7 2ey) )

{b;} >0

G

N.

Performing the summation over b;’s, one finds that the full generating function is
given by the matrix integral

Zn(y; {si}i {ri}) =
(2.17) 1 /H M exp {_ NTY(MT2 - ZSi(ylmM—f—AP)i)].

- Voly i>0

This matrix integral and Z%(z,y;{s;}; {t;}) in equation (2.2) are identified
by a change of variables. Since the reverse Miwa time for ¢ = 0 yields o = 1
automatically, we need to introduce the parameter ¢, by the following change of
variables

N—>t0N, y— oy, S; —>t518i7 Tr; —)taltz
As a result, we find the main theorem in this subsection.

Theorem 2.6. The generating function (2.2) is given by the matriz integral
(2.17),

(2.18) ZP(NTLy {siki {tid) = Zigw (toy: {t5 s} {t5 't}

2.2 A matrix model for the enumeration of chord diagrams

Next we turn to the enumeration of chord diagrams labeled by the backbone spec-
trum {b;} and the boundary length spectrum {p;}. The number N, ({b;}, {p:})
of connected chord diagrams is given by

Now{bi}Api}) =Y Nowo({bi}, {ni}, {pi}).
{ni}

We introduce the following generating function of these numbers*

4The parameters ¢;’s in our paper correspond to s;’s in [2].
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Definition 2.7. Let G(z,y;{s:};{¢:}) denote the generating function of chord
diagrams labeled by the boundary length spectrum

G,y {sit {ai}) = Z Go(z,y; {si}{ai}),

b>1

Gy, y; {si}i {ai}) = ZZN b} Ap D>y [ ] s [T &

Zb =b {pi} i>0 i>1

(2.19)

In the same way as the generating function Z%(z,y; {s;}; {t;}) in (2.2), the gen-
erating function for the numbers N ,({b;}, {ps}) of connected and disconnected
chord takes form

Z* @,y {si}i{a}) = exp Gz, yi {si}; {a})]
(2.20) =3 Nea{bki p et T s [ o

{b:} {p:i} i>0 i>1

2.2.1 A matrix model for the boundary length spectrum

Let ¢ be a chord diagram. The boundary length spectrum filters chord diagrams
according to combinatorial length of each boundary cycle, i.e. the sum of the
number of chords and backbone underpasses. This length can be determined by
counting marked points of a new type, which we now introduce. We introduce
marked points of a new type between all chord ends and backbone ends, see the left
diagram in Figure 10. For chord diagram decorated in this way, we get new marked
points on the boundaries of the surface .. by sliding each new marked point along
the boundary of ¥, until it reaches the first chord or backbone underside midpoint,
as indicated in the right hand side of Figure 10.

LN DN SO

AP M ALY M OALTM AL MOALT

Figure 10: Decorating a chord diagram with new marked points for partitions.

In order to construct a Gaussian matrix integral which counts this type of
chord diagrams we introduce another external matrix Ay, which is an invertible
rank /N matrix that keeps track of new marked points. We introduce a new model
model based on the following rules L1-L5, in which Wick contractions in the
Gaussian average correspond bijectively to decorated chord diagrams.

L1 A matrix element M,z corresponds to a chord end on a backbone. This
graphical rule is the same as the rule C1.
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L2 A matrix element (A_l)a 6, 18 adjacent to a matrix element M, 5, , on an
upper edge of a backbone in ¥.. Without loss of generahty, we can put A
on the left hand side of the M’s. Indices o, 5;(=1,...,N) are as&gned to
two upright line segments nipping a marked point in the upper edge of the
backbone, see Figure 11.

L3 If two matrix elements U, 5, and V,,,,5,,, (U,V = M or A{") on the same
backbone are adjacent, we form a matrix product (UV)4,g,,,. This graphical
rule is the same as the rule C2.

L4 If a matrix product
(AL M)g 5,
corresponds to a backbone with a marked point, we assign the expression
N
N Y (A s,
a1,B8=1
to the bottom edge of this backbone. This gives the contribution
NTr((AL"M)'ALY)
with ¢ chord ends and therefore ¢ + 1 new marked points.

L5 The Wick contraction between M, g, and M, g corresponds to a band con-
J 7
necting two chord ends. This graphical rule is the same as the rule C4.

N

Z 65.7”‘1#—1
ajt1,85=1 l

a Vi1 f+ o1 Bai o ;il;,—
LI L - l—'ML‘ r...J -

N
Lbl «N Z AT

LB2ion
aj41,85=1

Figure 11: Bijective correspondence between decorated chord diagrams and
matchings of Wick contractions.
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Repeating the same discussions as in the previous subsection, one finds that
every chord diagram with the backbone spectrum {b;} corresponds to matchings
with & = > ib;/2 Wick contractions, which arise from the following Gaussian
average

— 7 —_ bl G
(2.21) Wh(bid: faed) = ([T (VT A"
i>0
where we introduced Miwa times
1 ,
(2.22) ¢ = NTIAEZ.

BN

§ : 1 —1 — 1 _ AT2 2
N ALalag aza%ALa;cuA[(uasALw g (YCCWAL(wag asanLugal =N q2q;

,ag=1

AlMAlMA M AL MA1 m\_‘

|
2 : 1 1 — 1 _
N ALalagj\[(YstALaSoq [e¥Xe %} ALa aSZWU/C(WALowag [(YSGQALagal =g

AL'M AT M ADTM ADTM AL

Figure 12: Chord diagrams of types {g, k;{b;};{p:}} = {0,2;05 = 1;p; = 2,p3 =
1} and {g, k; {b:}; {pi}} = {1,2: b5 = L;ps = 1}.

It follows from the rules L1-L5 that i A;'’s are aligned along the boundary
cycle with length 7. Therefore, for chord diagrams with the backbone spectrum
{b;} and the boundary length spectrum {p;}, the corresponding Wick contractions
in W({b;};{¢}) involve the factor

Nb—k+n H qu’
i>1
see Figure 12. The key proposition of this subsection follows.

Proposition 2.8. The Gaussian average Wy ({b;}; {¢;}) in eq.(2.21) is the gener-

ating function of the numbers Ny ,({b;},{p:}) of chord diagrams with the backbone
spectrum {b;}

(2.23) Wb fa) = > Neo({bid, ApHN 7 [T o

{pi} 121
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We also consider the full generating function for the numbers Nk,b({bi}, {pi})
of chord diagrams

Zy(y {sik @) = DD Niw({bih Ap N [0 ] o

{bi} {p:i} i>0 i>1

This full generating function is given by the sum of Gaussian averages (2.21), and
in consequence by the following Hermitian matrix integral

Zy(y {si}i{a}) ZH 57 Wb fy" ) H ”

{bi}

1 M? ; 1A NG
= Volu /HNdM exp [—NTr(T—Zsiy/Z (A;'M) ALI)}.

1>0

(2.24)

Comparing this matrix integral and the generating function Z%(y; {s;}; {¢;}) in
equation (2.20), we arrive at the main theorem of this subsection.

Theorem 2.9. The matriz integral (2.24) agrees with the generating function
(2.20)

(2.25) Zy(yi {siyi{ait) = 24N~y {sidi {ai)).

Specialization of the model

The cut-and-join equation for the numbers of chord diagrams is discussed in Sub-
section 3.2. For technical reasons, the partial differential equation for the gener-
ating function (2.20) with general parameter {s;} cannot be written in a simple
form. Therefore we consider the specialization of the generating function (2.20)
defined by®

S; — S.

Under this specialization, the matrix integral (2.24) reduces to
Zy(ys si{ai}) = Zy(ys {si = s} {ai})

2.26 1 M?
(2:26) _ / dM exp | — N'Tr sa— Al
Voly ., 2 1AM

For Z"(z,y;s;{¢:}) = Z"(x,y; {s; = s}; {:}), we find
(2.27) Zx(yssi{ay) = Z8 (N~ s s {ai}).

In Subsection 3.2 we derive the cut-and-join equation for this specialized model,
and show the agreement with the cut-and-join equation found by combinatorial
means in [2].

°In [2], the length spectrum generating function Gy (z, y; {s;}) is the same as in this specialized
model.
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2.3 The boundary length and point spectrum and the uni-
fied model

So far we have discussed separately the enumeration of chord diagrams and par-
tial chord diagrams labeled by the boundary point spectrum and the boundary
length spectrum. In this subsection we consider a unification of these two kinds
of spectra, which is referred to as the boundary length and point spectrum. This
unified spectrum was introduced and analyzed by cut-and-join methods in [7]. In
what follows we construct a matrix model that encodes this new spectrum, and
in Subsection 3.3 we show how the cut-and-join equation found in [7] follows from
this matrix model.

Figure 13: Decorating a partial chord diagram with the boundary label ¢ =
(1,0,1,4,2) with marked points for partitions.

The boundary length and point spectrum {n;} is defined as follows [7].

Definition 2.10. Let ¢ be a partial chord diagram. We associate the K tuple of
numbers ¢ = (i1, s, ...,7x) to a boundary component of ., if we find the tuple
¢ of marked points around this boundary component, once we record different
numbers of marked points in between chord ends and backbone underpasses along
the boundary in the cyclic order induced from the orientation of .. The boundary
length and point spectrum {n;} counts the number of boundary cycles indexed
by ¢ for the partial chord diagram c.

To enumerate the number of partial chord diagrams labeled by {g, k, ; {b;}; {n;}},
we consider the generating functions introduced in [7].

Definition 2.11. Let N ;;({0:},{n:}) denote the number of connected chord di-
agrams labeled by the set of parameters (g, k, [; {b;}; {n;}) in the boundary length
and point spectrum. The generating function for these numbers is defined as

(2.28)
Flo,y; {si}; {w}) = Zfb z, y; {si}; {wi}),

b>1

Folw,ys {si}: {wi}) = Z S Npwa(it s 2 s T T

Zb =b {ni} 20 K2l{ig}E
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Exponentiating this generating function, one obtains the full generating function
for the numbers Ny, ({b;},{ni}) of partial chord diagrams

Z(x,y; {si}; {w}) = exp [F (2, y; {si}; {ui})]

(2.:29) = Niwafbi}, {napa T sv T T wi,

{b:} {ni) >0 K>1{i )k

where [, k, and b obey

K
P=3" 30 Y ing i, 2kHI=Dib, b= b

K>1 i} L=1 i>1 i>0

The enumeration of partial chord diagrams decorated by the boundary length
and point spectrum can also be expressed in terms of Gaussian averages over
Hermitian matrices. To this end we again make use of extra marked points, just
as in the previous section (concerning the length spectrum to mark the separation
between marked points on the backbone, counted by the index %), see Figure
13. Indeed, the boundary length and point spectrum also encodes the length
spectrum, simply as the number K of partitions of marked points on boundary
cycles.

To represent the boundary length and point spectrum, we introduce two ex-
ternal matrices Ap and Ap. In order to faithfully represent the ordering between
marked points and partitions on each boundary cycle, we assume that these two
external matrices do not commute

[Apa AL] # 0.

The correspondence between partial chord diagrams with the backbone spectrum
{b;} and matchings by Wick contractions in a Gaussian average is given by a com-
bination of the previous rules C1, C2, P2, L2, P4, L4, and L5. We summarize

this correspondence in Table 1.

Table 1: The correspondence between partial chord diagrams with the backbone
spectrum {b;} and matchings by Wick contractions in the Gaussian average.

’ A partial chord diagram \ Gaussian average ‘
A chord end on a backbone ATM
A marked point on a backbone Ap
An underside of a backbone NA[ L
A backbone NTr (AglAglAglA%QAgl . -A%KAil)
A chord Wick contraction ]\,4_]\|4
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Based on these rules, one finds a bijective correspondence between partial
chord diagrams with the backbone spectrum {b;} and matchings by Wick con-
tractions in the Gaussian average

G

(2.30) Wi ({bi}; {wi}) = <H (NTr(AL'M + AP)iAil)bi> :

, N

>0
where in order to represent trace factors Ap and Ay, we introduced the generalized
Miwa times

1 ) ) .
(231) U(il 77777 iK) — NTI' (AzplAIlegAgl ce A;KAIjl) .
If a partial chord diagram ¢ contains a boundary cycle labeled by ¢ = (i1, ... ,ix),

one finds the following trace factor in the corresponding Wick contractions in
Wi ({bi}; {ui})

Tr (ARATTARAT - AFALY) .
Finally, combining Propositions 2.5 and 2.8, we obtain the key proposition.
Proposition 2.12. The Gaussian average Wy ({b;}; {ui}) in the equation (2.30)

is the generating function for the numbers Ny ({b;},{ni}) of partial chord dia-
grams

(2.32) N({biti{u}) = > Niwa({oih AN T T w
{nl} K>1 {ZL}L:I

Repeating the same combinatorics as in the previous subsections, we find the
main theorem of this section.

Theorem 2.13. The Hermaitian matriz integral
Zn(y; {sit {wi}) =
1 M? :
(2.33)  _ /dM exp {— NTr(7 =3 s A M AP)ZALl)l

Voly i>0

agrees with the generating function (2.29)

(2.34) Zn(y: {sits{w}) = Z(N Ly {si}; {wa}).

3 Cut-and-join equations via matrix models

In Section 2 we discussed matrix models that enumerate partial chord diagrams
filtered by the boundary point spectrum, the boundary length spectrum, and the
boundary length and point spectrum. In this section we derive partial differential
equations for these matrix models, and show that they agree with the cut-and-
join equations found in [2, 7]. To derive these differential equations, it is useful to
introduce the following matrix integral.
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Definition 3.1. Let A and B denote invertible matrices of rank N. We define
a formal matrix integral with parameters y, {g;};"°.., and matrices A and B, as
follows

Zn(y;{9i}; A; B) =

(3.1) 1 / Lo 1/2 p—1 ip—1
= dM — NTr( -M~* — E ; BM+ A)'B .

i€EZ

By the following specializations of this matrix integral one finds matrix inte-
grals discussed in Section 2

Z]P\)f(y; {si}i{ri}) © Gico=0, gizo=s55, A=Ap, B=Iy,
Zy(yi{siyi{a}) : g9ico=0, gmo=si, A=0, B=AL

Zy(yisi{a}) : giz1=0, ga=-s, A=A, B=-Iy,
Zn(yi{sifi{w)) 1 gico=0, gizo=s5i, A=Ap, B=Ay,

where Iy is the rank N identity matrix.
The matrix integral (3.1) satisfies the following partial differential equation.

Proposition 3.2. The matriz integral Zn(y;{g:}; A; B) obeys a partial differen-
tial equation

6 1 —1\T

0

92 gy
0A

(B 57

}Zw(y; {9:}; A;B) =0,

where the trace in the second term is defined, for rank N matrices X and Y, as
N

0 0
T X — = Xopm=-
; oY a%l * aYﬁa

Proof. By a shift M = X — y~'/2BA, the matrix integral (3.1) can be rewritten
as
Zn(yi{gi}; A B) =
(3.3)
1

1 ‘ .
- dX ~ NTr| =(X — oy V2BA)? — e (B7IXY B ).
Vol /ﬁN eXp[ r(Q( y )=y ?g(B71X)

1€EZL

Here Hy is the space of shifted matrices X = M + y~2BA with M € Hy. The
invariance of this matrix integral under the infinitesimal scaling X5 — (1+€) X,z
leads to a constraint equation

(3.4) <N2 — NTrX? 4y '’NTrBAX + N> iy, Te(B~' X)’ B—1> — 0,

1E€EZL
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where the first term N? comes from the measure factor, as dX — (1 + N2¢)dX.
Here we have defined the unnormalized average for an observable O(X)

<(9(X)>:/ﬁN dX O(X)exp {—NTr(;(X y ?BA? =Y y"g:(B7'X)' B~ 1)}

€L

Using

N
1 —
A Z ﬁmA Zn(yileits A B) = <Xaﬂ —y PN BMAw> ,

y=1
10
N 0g;

(y; {g:}; A B) =y (Te(B™'X)'B™),
one finds that the constraint equation (3.4) yields

0

A

{— %yTr(Bl)T

)
(B - TrAT— + Zzgz ]ZN yii9:}: A; B) = 0.

It follows from (3.3) that the last two derivatives in the expression above can be
replaced by 2yd/0y, so that the partial differential equation (3.2) is obtained. [

Remark 3.3. In the above proof of the constraint equation (3.4) we considered
the infinitesimal scaling X5 — (1 + €)X,5. More generally, matrix integral (3.3)
is invariant under infinitesimal shifts

Xog — Xog+e(X")0s, n=-1,0,1,....

It is known that for the matrix integral without external matrices A and B this
symmetry yields the Virasoro symmetry, and in particular the scaling X,z —
(1+ €)X,p is related to the Virasoro generator Ly™ [22, 19].

3.1 The boundary point spectrum
In Subsection 2.1 we showed that the matrix integral Z% (y; {s;}; {r:}) in (2.17)

Zy(y: {siyi{ri}) =
_ ! / dM exp | — NTr %2 — Z sy (M +y =2 Ap)’
VOIN Hy 2 ’

i>0

enumerates partial chord diagrams labeled by the boundary point spectrum. By
the specialization

gico=0, gi>o=3si;, A=Ap, B = Iy =identity matrix,

In [33, 18], the Schwinger-Dyson approach to the enumeration of chord diagrams is also
discussed.
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of the matrix integral Zn(y; {g:}; A; B) in (3.1) we see that

(3.5) Zn(y; ico = 0, {si}iz0; Ap; In) = Zy(y; {s:}; {r:}),

where the reverse Miwa times r; are defined in (2.15). From (3.2) we obtain the
partial differential equation satisfied by Z% (y; {s:}; {r:}).

Corollary 3.4. The matriz integral ZX (y; {s:}; {r:}) obeys the partial differential

equation

(3.6) {a Ly O

— — ——Tr—— | Zy(y; {s:}; {r:}) = 0.
A )
This corollary implies the following theorem.

Theorem 3.5. Let Ly and Lo be the differential operators’

ZZW T

z>2j 0

82
ZZ] Tz 23 87‘1 _

z>2] 1

(3.7)

The matriz integral Z5(y; {s;}; {r:}) obeys the cut-and-join equation

(3.8) gﬁm%@kmD=A%@ﬂwxmx
where

The formal solution of this cut-and-join equation, which gives the matriz integral
Z8(y; {si}; {r:}), is iteratively determined from the initial condition at y = 0,

(3.9  Zh(wi{sih{rh) = 2R (0 (i) {ra}) = v Do

This theorem follows from the lemma below by rewriting the derivative Trd*/0A%
in the partial differential equation (3.6).

Lemma 3.6. For a function f({r;}) of the reverse Miwa times r;, the derivative
Trd? /OA} can be rewritten as

(3.10) o ) = (L 82 ) S0

In [36] the differential operators Ly and Ly were denoted by W),
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Proof. Consider the derivative 0/0Apg, of 7,

Dhpg NP aA2 ZNZW o

Then the derivative Trd?/9A% of the function f({r;}) is re-expressed as

1o P (rd) | 1 ~ _or_or; f({r})
2N 8A2f {ri}) = 2N 8A2 or; + 2N Z Z OApgo ONpag  OriOr;
4,j>0 a,8=1
1 . of({ri}) 1 g *f({ri})
P Z erjri_j_Z or; - 2N?2 Z Wi or;or;
i>2 j=0 t i,j>1 v
This coincides with the right hand side of (3.10). O

The cut-and-join equation for the rescaled matrix integral (2.18) yields

0 _ _ _ _
(3.11) a—ny;N(toy; {to 13i}3 {to 1ti}> = ﬁZtl?)N(tO?/% {to 131'}5 {to 1ti})a

where L is given by
L’:Lo+:c2L2, r=N1
(3.12) 82
tit; tio—F7.
ZZZJ% ZZJ Vi o
i>2 7=0 i>2 j=1

This cut-and-join equation agrees with the partial differential equation in Theorem
1 of [2], where it was proven combinatorially by the recursion relation for the
number of partial chord diagrams.® This completes the proof of Theorem 2.6.

3.2 The boundary length spectrum

In Subsection 2.2 we showed that the matrix integral Zk(y; {s:}; {¢:}) in (2.24)
enumerates chord diagrams labeled by the boundary length spectrum. By the
specialization

gico=0, g>o=s;, A=0, B=A,
of the matrix integral Zn(y;{g:}; A; B) in (3.1) we see that
(3.13) Zn(y; sico = 0, {si}iz03 0; AL) = Zx(y; {si}s {ai}),

where the Miwa times ¢; are defined in equation (2.22).

8For the Grothendieck’s dessin counting, a similar cut-and-join equation was found in [27].
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Obviously, for A = 0 the partial differential equation (3.2) does not hold.
Instead we consider the matrix integral (2.26) obtained by the specialization s; = s

L 1 M? s
Zn(y;si{a}) = Volx Sy dM exp | — NTr N + yl/zl\/[——AL .
N

The same matrix integral can be obtained by the specialization
Giz—1=0, gi=-s, A=A, B=-Iy,
and thus
(3.14) Zn(y; si = —6i—1;AL; B = —In) = Zy(y; 5:{a:})-
Then from (3.2) we obtain a partial differential equation for Z%(y; s; {¢:}).

Corollary 3.7. The matriz integral Z%(y; s;{q;}) obeys the partial differential
equation

(3.15) {a Ly O

— — —Tr—— | Z&(y; s; {r:}) = 0.

ay IN raA%:| N(yasv{r})
This corollary implies the following theorem.

Theorem 3.8. Let Ky and Ky be the differential operators

——— 9
Ky = 2 Z Z(’l - 2)%@%;‘@;

i>3 j=1

e 0?2
Ky = 2 ZZ](Z _j)qiﬂﬁqia—qi,j'

i>2 j=1

(3.16)

The matriz integral Z%(y; s;{q;}) obeys the cut-and-join equation

0

(3.17) a—yZ]Lv(y; si{ai}) = KZg(y; s: {ai}),

where

1
IC: Ko—{—mKQ

The formal solution of this cut-and-join equation, which gives the matriz integral
Z5(y; s;{ai}), is iteratively determined from the initial condition at y =0,

(3.18) Zy(y si{ai}) = e Zx(y = 0; 51 {qi}) = e¥ e,
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The cut-and-join equation (3.17) was combinatorially proven in Theorem 2 of
2] for the generating function Z%(x,y; s; {g;}) in (2.19), and thus Theorem 2.9 for
s; = s is reproved.

The claim of Theorem 3.8 is proven by rewriting the derivative Tro?/9A% in
the partial differential equation (3.15) using the following lemma.

Lemma 3.9. For a function g({q;}) of the Miwa times {q;}, the derivative Tr0* /OA?
can be rewritten as follows

(3.19) %%%Mﬁ) _ (Ko n NiK) o({a}).

Proof. By acting 0/0A;, on the Miwa time ¢; one obtains

8%’ i i i+1
Ay N Lba aA2 = Zqﬂq’ i

Adopting this relation via the chain rule applied to the A, derivatives, one finds
that

N

Tl"a g {qz o Z a q; ag {QZ Z Z an Qj 829({(]z}>
2N 8/\2 2N 8/\2 q 2N 750 o f=1 8ALa5 GALBQ é?ql@qj
{q,}) 1 y 0’g({a:})
=z Zlq]% —j+2 0 + SN2 Z wq”jHT@qj'
i>1 i,j21
This coincides with the right hand side of (3.19). O

3.3 The boundary length and point spectrum
In Subsection 2.3 we showed that the matrix integral Zy(y; {s;}; {u:}) in (2.29)

Zn(y;{si}i{wi}) =

1 M? _ in
= Vol /HN dM exp {— NTr(7 =) sy PALM + Ap) ALl)]

>0

enumerates partial chord diagrams labeled by the boundary length and point
spectrum. By the specialization

gico=0, gio=s;, A=Ap, B=A,,
of the matrix integral Zn(y;{g:}; A; B) in (3.1) we see that

(3.20) ZNn(Y; sico = 0, {si}izo; Ap; AL) = Zn(y; {si}; {wi}),
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i) are defined in (2.31)

—Tr (APATTABAT - AFALY) .

From (3.2) we obtain a partial differential equation for Zy(y; {s;}; {u:}).

Corollary 3.10. The matriz integral Zn(y; {s;}; {us}) obeys the partial differen-
tial equation

B2) |- oy AT AT 2 sk L) =0

This corollary implies the following main theorem of this section.

Theorem 3.11. Let My and My be the following differential operators with respect
to parameters u;

Z[ 12]\/1 1

SY X XYy

K>1{11 ,,,,, ix} 1ISI#M<K (=0 m=0
0
W(ig—0—=1yigq1,eying—1,m) U(ing —m—1yins41,0yir—1,0)
,,,,, _ 8U(i ‘
LyeesiEC)
0
(322) + § E E E u(@mzprl ..... ir—1)U(i;—t—m— 2)au
K>1{iy,..ix} 1=0 t4+m<ir—2 (i1, ZK)
L i;—1j5;—1
KL>0{’i1 ..... ZK}{]I ..... JL}I 0 J=0 ¢=0 m=0
82
UG —0—1i1415rir—1, 00 7= =1, 701, f T -1,
(ir I+1 1-1,4.37 JJI+15-00—1 )au' ..... ZK)8u(j1 ..... jL)7

where labels I, M’s are defined modulo K, and the label J is defined modulo L.
The matrixz integral Zn(y;{s:}; {wi}) obeys the cut-and-join equation

(3.23) a%zm; {s:): {us}) = M2 (y: {s:}: {ws)),
where
Moyt i,

The formal solution of this cut-and-join equation, which gives the matriz integral
Zn(y;{si};{w}), is iteratively determined from the initial condition at y = 0,

(324)  Zn(yi{sihi{w}) = eMZy(y = 0; {5:}; {ui}) = e¥Me™" Tizos,
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The partial differential equation (3.23) agrees with the cut-and-equation ob-
tained combinatorially in Theorem 1.1 of [7]. Here we prove this theorem by
rewriting the derivative in the second term of the partial differential equation
(3.21), taking advantage of the following lemma.

Lemma 3.12. For a function h({u;}) of the generalized Miwa times u;, the deriva-
tive in the second term of the partial differential equation (3.21) can be rewritten
as follows

(325) ST [(Agl)T@%Mgl)Ta%} h({us}) = (Mo n NLM) M({us}).

Proof. By the chain rule, the derivative on the left hand side of (3.25) is rewritten
as follows

Each of the coefficients yields

_ g . _ 0
T | () S A ] =

ir—lip—1

1 , . .
= Y XY TR A AL AR AL ARALY

1<IAM<K £=0 m=0

) Tr(AB M AL A AT AT AT AL ALY

K
1 —1AmA—1AI+1 A — iL—1 A — ig—f—m—2 ) —
+2) > NTr(Af;ALlAPALlA; At AETATHTr(ALm ALY
L=0 t+m<i;—2

ir—1in—1
1<IAM<K (=0 m=0

K
+ 2N Z Z u(£7m7i1+1 ----- i[—l)“(i[-ﬂ—’ﬂl—?);

L=0 f+m<i;—2
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(24 1]] 1

XK:ZL:Z Z _T Azl /— 1A 1A%1+1A 1, Aij_lAIlengIjl

I=1 J=1 (=0 m= 0

jg—m—1 1AJI+1 A —1 Ji—1 A—=1Aamp—1
'AP AL AP AL "'AP AL APAL)
K L i
1
= N E : E : WU(ir—0—1ir41,mir—1,007—m—15 741, f0—1,m)"

In this way one obtains the right hand side of (3.25). O

As a corollary of Theorem 3.11, one finds the cut-and-join equation for the
1-backbone generating function.”

Corollary 3.13. The 1-backbone generating function Fy(z,y;{s:}; {ui}) obtained
by picking up the O(s}) terms in Zn(y; {s:};{wi}) as follows

Fi(N"Y oy {si}; {wi})

3.26 1 _NTeM? - in—
(3.26) _ vOlN/ M o~NTHS N;siTr(ymALlM—l—Ap) AT

obeys the cut-and-join equation

(3.27) a%fl(x, g {si: {w)) = MF (e, L.} {ws)).

where M = My + x?M,. The solution is iteratively determined by

(3.28) Fi(x,y; {s;}; {w}) = "M Fi(z,y = 0; {s;}; {w;}) = e*M (x_z Z siu(i)).

4 Non-oriented analogues

In this section we consider the enumeration of both orientable and non-orientable
(jointly called non-oriented) partial chord diagrams [2, 7]. To this end we general-
ize the matrix models introduced in Section 2. In Subsection 4.1, matrix models for
the boundary point spectrum, the boundary length spectrum, and the boundary
length and point spectrum are introduced, based on the corresponding Gaussian
matrix integrals over the space of rank N real symmetric matrices. Subsequently,
in Subsection 4.2, we derive cut-and-join equations for the generating functions of
non-oriented partial chord diagrams, using analogous methods as those discussed
in Section 3.

9For Ap, = Iy (or s; = s and Ap = 0) the cut-and-join equation for the 1-backbone generating
function labeled by the boundary point spectrum (or boundary length spectrum) was proven
combinatorially in [2].
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4.1 Non-oriented analogues of the matrix models

In this subsection we generalize matrix models found in Section 2, in order to
enumerate both orientable and non-orientable partial chord diagrams [2, 7].

Definition 4.1. Let Ay ., ({b;}, {n:}, {p:}) denote the number of connected non-
oriented partial chord diagrams of type {h, k,[;{b;};{n:};{p:}}. Analogously as
in the orientable case, we define

Niea({0:},{n}) =D Naga({bi} {ni}, {pi}),
{p:}

Rk (b neh) = 3 Ropaco({ih, (i} {oi}),
{ni}

and introduce generating functions

Fa,y; {si}; {t:}) = Z Fy(,y; {si}: {t:}),

(4.1) . b>1
Fy(z,yi {si}i {ti}) = Z ZNhkl {b:}, {ni "2y | | siti,
Z bi=b{n;} 120
and
Gla,y; {si}i {ai}) = Z Gyl {s:}: {ai}),
(4.2) b>1
Gty (s o) = 55 30 SNtk o2 T TT
2o bi=b {pi} i>0 >l

Generating functions of connected and disconnected partial chord diagrams are
related by

(4.3) 7" (w,y; {sids {t)) = exp [ Fla,ys {sid {6D)],
(4.4) 74w,y {si}i{a}) = exp |G,y {sis {aih)
Furthermore, we introduce generating functions of non-oriented partial chord

diagrams labeled by the boundary length and point spectrum.

Definition 4.2. Let A,z ({b:}, {n;}) denote the number of connected orientable
and non-orientable partial chord diagrams of type {h,k,l;{b;};{n;}} with the
boundary length and point spectrum n;. We define the generating functions

(4.5)
Fla,y; {si}i {ws}) = Zfb@:, yi {si}; {ui}),

b>1

(l' y;{siti{wi}) = Z ZNhkl{b}{nz} h=2 kHS H H u

Zb =b {n;} >0 K>1{i K
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As usual, generating functions of connected and disconnected partial chord dia-
grams are related by

(4.6) ey fsiks {usd) = exp [Fo,y: {sids )]

Non-oriented analogue of partial chord diagrams and Wick contractions

A non-oriented partial chord diagram is a partial chord diagrams with each chord
decorated by a binary variable, which indicates if it is twisted or not. Such
non-oriented partial chord diagrams are enumerated by real symmetric'® matrix
integrals. The Gaussian average (O(M))$ over the space H (R) of real symmetric

matrices is defined by

&~ 1 M2
(4.7) (O(M)§ = —/ dM O(M)e N1
N VOINGR) Hn (R)
where
(4.8) Voly (R) = / AM e N NYNED2y0](H 5 (R)),
HN (R)

For the choice of O(M) = MysM,. (o, 5,7,e =1,...,N), the Wick contraction
is defined as

[ & 1
(4'9) MaﬁMve = <MaBM“/e>N = N(éaeéﬁv + 5a75,36)-

This Wick contraction consists of two terms, which encode the corresponding
fatgraph as follows. The first term %50&5,37 is the same as in the Hermitian
matrix integral (2.5), and it can be identified with an untwisted band in the two
dimensional surface Y. associated to the partial chord diagram c. The second
term %5(17(556 in (4.9) relates opposite matrix indices compared to the first term
and can be identified with the twisted band in Y., see Figure 14. Hence, for the
real symmetric Gaussian average, the correspondence rules C4, P5, L5 in Section
2 are replaced by the following rules [24, 54, 52, 26, 39, 23].

N5 The Wick contraction between M, 5. and Ma;, 8, corresponds to a band or a
twisted band connecting two chord ends. Each Wick contraction imposes ei-
ther the constraint d,, 5;/5a;/ s, or the constraint 5%&;,55]. 8, for matrix indices
assigned to edges of chord ends matched by Wick contractions.

In order to construct matrix models that enumerate non-oriented partial chord
diagrams, we introduce two external real symmetric matrices matrices (2p and €2y,

Qp = Qp, =0,

0The Gaussian matrix integral over the space of real symmetric matrix is also referred to as
the Gaussian orthogonal ensemble [21, 35].



268 J. E. Andersen, H. Fuji, M. Manabe, R. C. Penner, and P. Sutkowski

€ o €
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Y B v

— 1
MogMye = N(%e%w + day0e)

Figure 14: Wick contraction and the untwisted / twisted bands.

which take account of the fact that boundary cycles of non-oriented partial chord
diagrams are not endowed with a specific orientation. To model the index struc-
ture ¢ of the boundary length and point spectrum correctly, we assume these two
matrices do not commute

[Qp, Q] #0.
Furthermore, we introduce corresponding generalized Miwa times
(4.10) Ui i) = 37 1 (@poriapar’ - Q)
which are invariant under the symmetry

Uig,ein) = U(ig,ig—1,0vi1) -

This assignment implies the bijective correspondence (analogous to the orientable
case discussed earlier) between non-oriented partial chord diagrams and Wick
contractions, which is summarized in Table 2.

Table 2: The correspondence between partial chord diagrams and operator prod-
ucts in the real symmetric matrix integral.

’ Partial chord diagram \ Gaussian average ‘
A chord end on a backbone Qr M
A marked point on a backbone Qp
An underside of a backbone NO?
A backbone N'Tr (leﬁing2le e QgKle)
A Chord A Wick contraction Z\,4_]\|/[

Using this correspondence, generating functions ZF (z, y; {s; }; {r:}), Z%(z, y: {s:}: {a@:}),
and Z(z,y; {s:}; {u;}) can be re-expressed in terms of matrix integrals. Repeat-
ing the same combinatorial arguments as for the orientable case in Section 2, we
obtain the following three theorems.



Partial Chord Diagrams and Matrix Models 269

Theorem 4.3. Let Zﬁ(y; {si}; {ri}) be the real symmetric matriz integral with
the external symmetric matriz Qp of rank N

Zzl\)/(% {Sz‘}; {Tz}) =
(4.11)
S N I |
Voln (R) Jyy (m) 4 =
where r; are reverse Miwa times

1 .
(4.12) T = NTrQ’P.

This matriz integral agrees with the generating function (4.3)

(4.13) ZN(yi {siti{rid) = Z°(N Ly {sidto = 1, {ts = ri}is1).-
The to-dependence can be implemented by the following rescaling of parameters
(4.14) Zion(toy; {to s} {to "t:3) = Z8 (N1 s {t: = i),

Theorem 4.4. Let Z%(y; {s:}: {g:}) be the real symmetric matriz integral with
the external invertible symmetric matriz 2y, of rank N

Zy(y: {siki{a}) =
(4.15) = m /HN(R) dM exp[— NTr(MTQ - ;siyi/z (QLlM)iQLl)},

where q; are Miwa times

1 .
(4.16) ¢ = NTYQEZ~

This matriz integral agrees with the generating function (4.4)

(4.17) Zy(y; {siki{ai}) = Z“(N "y {siki {ai)).

As considered in (2.26) and Subsection 3.2, the specialization s; = s of the
matrix integral (4.15) gives the following reduced model

Z%(y; s {ai}) = Zx(yi {s: = s} {ai}) =

(4.18) ! / dM (M
. = — —NTvr| —+ ————— | |.
Voly(R) Sy ¥ 1y

The cut-and-join equation that follows from this reduced model is derived in the
next subsection.
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Theorem 4.5. Let Zy(y; {s;}; {ui}) be the real symmetric matriz integral with
the external invertible symmetric matrices Qp and 2y, of rank N

Z(y; {si}i {w}) =
(4.19)
= m /HN(R) dM exp [— NTr(MT2 — Z Si(yl/zQilM + Qp)iQLl)] ;

>0

and u; be the generalized Miwa times defined in (4.10). This matriz integral agrees
with the generating function (4.6)

(4.20) Zn(y; {si}s {wi}) = 2Ny {sis {wi}).

4.2 Non-oriented analogues of cut-and-join equations

We derive now non-oriented analogues of cut-and-join equations discussed in Sec-
tion 3. Analogously to the Hermitian matrix integral in (3.1), we introduce the
following matrix integral.

Definition 4.6. Let U = UT and V = V% be rank N invertible symmetric
matrices We define a formal real symmetric matrix integral with parameters y,
{g:};=° . as follows

(4.21)
Zn(y {91 U V) =
1 / 1 _ .
= — dM exp {— NTr(—M2 - PV IIM + U)Y 1)1
Voly(R) Sy, ) 4 %

The matrix integrals discussed in the previous subsection follow from this
matrix integral by specializations

(4.22) Z]P\)f( {siti{ri}) + Gico=0, gizo=3s;, U=Qp, V =Iy,
(4.23) Z][\Jf(y {sitida}): 9ico=0, gzo=s, U=0, V=00,

(4.24) Z8(yisi{a}): gie1=0, ga=—s, U=Qu, V=—Iy,
(4.25) Znly{sihi{wl) : gico=0, giso=s5, U=Qp, V=0,

where Iy is the rank N identity matrix.
In Appendix A we prove the following proposition.

Proposition 4.7. The matriz integral ZN(y; {g:};U; V') in (4.21) obeys the partial
differential equation

(4.26) 9 _ Lyl oy

o Tv " Znlyi Lok UsV) =0,

0
DA
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where A 1s a matriz such that
U=A+ AT,

From this proposition and by the specializations (4.22), (4.24), and (4.25) we
find partial differential equations for the corresponding matrix integrals. For the
specialization (4.23), because of U = 0 (and thus A = 0), the partial differential
equation (4.26) cannot be reduced to a partial differential equation.

Corollary 4.8. The matriz integral Z8(y: {s:}: ) in (4.11), Z%(y; s;{q:}) in
(4.18) and Zn(y;{s:};{wi}) in (4.19) obey partial differential equations

[0 1. =
5y AN aAQ]Z (widsihidrad) =0,
0 1. 0]
(427) -a—y — mTra_A%] ZN(y,S, {QZ}> =0
_2_1 RN NN R
Oy IR aAP(QL) OAp Inly: Lok L) =0,

where Ap and Ay, are matrices satisfying
Qp = Ap + A}, Qn = AL+ A}

From this corollary we obtain non-oriented analogues of cut-and-join equa-
tions, by rewriting the derivatives with respect to the external matrices Ap and
Ay, in Corollary 4.8 in terms of Miwa times 7; in (4.12), ¢; in (4.16), and u; in
(4.10) as follows.

Lemma 4.9. Let Ly, Ky, My, and My denote differential operators

1 5,
(4.28) Ly =3 = (i L oy

i>1

1 . . 0
(4.29) K, = B Z(Z —2)(i — 1)%@7
>3
ir—1lipr—

ZZ PP

1
ix} 1SIAM<K (=0 m=0

-----

0

(430) WUlmying—1,in—2yerir 1,01 ——=1ing —m—=1,8 01 41, yi— 15)8u
(i1

.....
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and

H
)
—

ir—17jg

Iy Yy Yoy

(431) KL>1 {i1yeenin } {J1yrjr} I=1 J=1 £=0 m=0

Wiz —1yesisg1yir—L=1,7—m—=1,5 41, d7—1,m) O

.....

Then the derivatives with respect to Ap and Ay, in Corollary 4.8 are rewritten as
1 0? 1
mTfmf({ﬁ}) Lo + NLl + mla f({rid),

1 0? 1 2
oo = (Kot H+ k) adta)
0

(4.32)
1 —1\T —I\T 0
T O S O | )

O@+NMHUVM@+MW)MWM,

where f({r:}), 9({q}), and h({w;}) are functions of Miwa times r;, q;, and u;,
respectively. Here Lo, Koo, and Moo are defined in (3.7), (3.16), and (5.22),
respectively.

The proof of this lemma is given in Appendix B. By combining Corollary 4.8
with Lemma 4.9 one arrives at the following theorem.

Theorem 4.10. The matriz integrals Z8 (g {s:}: {r)) in (4.11), Z%(y; s;{q:})
in (4.18), and Zn(y;{s:};{wi}) in (4.19) obey the cut-and-join equations

0

a—yzﬁ(y; {si¥: {r:}) = LZ5(y; {s:}; {rs}),
9 ~L - 7L
(4.33) a—yZN(y; si{ait) = KZy(y; s;1ai}),
9 ~ .
3—yZN(y; {si}i {wi}) = MZ2n(y; {si}; {wi}),
where
- 2
L =1L+ NLl + mLza
2
K =Ko+ NKI + me
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Assuming certain initial conditions at y = 0, one can iteratively determine the
above matrix integrals by solving the cut-and-join equations

Zilyi {siyi {ri}) = ¥* Zi(y = 0 {si}; {ri}) = evFeN " Zemom,
(434)  ZR(yi s {ai}) = " ZR(y = 0,5 {q:}) = e "o,
Zn(y; {si}; {w}) = eMZp(y = 0; {s:}; {ws}) = e?Me™ Xizosiu,
The cut-and-join equations (4.33) agree with those of [2, 7]. Finally, from

Theorem 4.10 we find non-oriented analogues of cut-and-join equations for 1-
backbone generating functions.

Corollary 4.11. The I-backbone generating function Fy(x,1y; {s:}; {us}) obtained
by picking up the O(s}) term in Zy(y;{si};{ui}) is given by the following matriz
integral

FUN Ty (s {w)) =

(4.35) 1 / ~NTY M2 1/2(y-1 io—1
- dM e TNy s Tr(y' PO M+ Qp)' QL
Vol (R) e Z ' ’

and it obeys the cut-and-join equation

(4.36) a%fa(x, g {si: {w)) = ME (o, s {s.): {wi)).

where /\7 = My + M, + 22 (Mg + MQV) The solution 1is iteratively determined by

(4.37) Fi (x,y; {si}; {w}) = eyﬂ]?l (x,y =0;{s;:}; {w;}) = v M (ZL‘_2 Z siu(i)).

>0
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A Proof of Proposition 4.7

In this appendix we prove the Proposition 4.7, which states that the matrix inte-
gral

Zn(yi {g ;U V) =

1 / 1 ,
R — dM exp [— NTr (—M2 — gy PVTIM 4+ U ZV_l)},

€L
obeys the partial differential equation
0 1 0 0 _
Al PR _T -1 T_ 1 T_ Z ) 1. . _

where A is a matrix that satisfies U = A + A7T.

Proof. In order to differentiate the matrix integral Z ~N(y;{g:}; U; V') with respect
to A we use the identities

OU,s
A = (504’\/6ﬁ6 + 6&655’77
e
a(yl/zvle);l - B 3 B _ _ _ _
DA, L= (' PVIX) AV TIX) - (VT PV TIX) 5,

where X = M + y~'/2VU. Using this shifted variable X one obtains

o) i—1

1 0 = . . o
- 7 . .77 — (i-1)/2 —IX i1/ -1 —IX i—j—1
W a0 = (o 0 3 (XY,
00 i—1
=yt N ((v—lx)‘j—lv—l(v—lx)"’”)aﬁ> ,
i=1 j=0 R

where (---)p denotes the unnormalized average

(O(X))g :[ dX O(X)exp {—NTr(i(X—y_1/2VU)2—Zyi/Qgi(V_lX)iV_lﬂ.

Hn (R) i€Z

Here ﬁN(R) is the space of shifted matrices X = M +y~ 2V U with M € Hy(R).
It follows that
1 o o ~
E— —I\T _~ -1 T_Z . U _
e V) o (VS i ek U3 V)
0 i-1
= < Z y—1/2gi Z TI“(X — y—l/QVU)V—l(yl/ZV—lX)jv—l(yl/zv—lX)i_j_l
=0

J=0
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(A.2)

o0 i—1
. Z y_1/2g—i Z TI'(X . y—l/QVU)v—l(yl/Qv—1X>—j—lv—1(yl/Qv—lX)—i+j> ]
. T R

On the other hand, by differentiating the matrix integral ZN(y; {g:}; U; V) with
respect to y one obtains the same expression as (A.2) times N/2, from which the
partial differential equation (A.1) is obtained. O

B Proof of Lemma 4.9

In this appendix we prove the Lemma 4.9, which states that for functions f({r;}),
9({g:}), and h({u;}) of Miwa times r; in (4.12), ¢; in (4.16), and wu; in (4.10), we
find

B1) gD = (Lot bt k) 1))
B2 gTgmetad) = (Kot g+ ke ) atfad)
T O SO | )

<M+NM+N@@HWOMMM

(B.3)

where Lo12, Ko12, Mo12, and My are defined in (3.7), (3.16), (3.22), and in
Lemma 4.9. Here the matrices Ap and Ay, satisfy Qp = Ap+AJ and Qp, = Ap+AL.

Proof. First we prove (B.1). Consider the derivative 9/0Ap of the reverse Miwa
time r;

o, %, S (i
Ghps ~ N e aA2 = er_lr,-_j_l 20 = Drics.

Using these relations the left hand side of (B.1) is rewritten as

1 0%r; Of {n or; dr; *f({r:})
4NTr OAZ 2/ = AN ZT ONZ " or, 4N Z N oRs 0hr oo,

_ ({Tz}) » of({ri})
= - ZZZT’J 1Timjol ——— + — 2N i(i — 1)”_28—7“2-

i>2 j=1 i>2

1 0 0
+WZZ¢7T’L+] Qa a ({ })

i,j>1
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This agrees with the right hand side of (B.1).
Second, we prove (B.2). Using the identity

8QL1
e 1 1
8ALa,8 _QLBEQL'ya QLaeQL'yB7
one finds that
dq; i 0? iy . -
8ALa5 QNQL,gal’ Tra_/x]%qi = 2i(1 + 1)gir2 + 20N Z Qi+19j+1-

J=0

Then the left hand side of (B.2) yields

1 ng ({a}) = ZZZQ’L+IQJ+1 (8{ 4}) 5w ON Z’L(H‘ 1)Qi+2%qu})

i>1 =0 i>1

+ AT2 Z qulJerrQ ({a }>

3,71

This agrees with the right hand side of (B.2).
Finally we prove (B.3). Using the chain rule, the derivative action on the left
hand side of (B.3) is written as

T | (01)7 5 O | ) =

0 0 0
- Z Z —1\T ~1\T AN G .
- ‘ Tr |:(QL ) 8AP (QL ) 8AP u(ll ~~~~~ iK) 8&(21 h({uz})

Each of the coefficients yields

_ o , . 0
T [(ﬂﬁ)TaT(QLl)Ta—Apum ..... >] -
’L[ 1’LM 1

—2 3 S (e opapart oy aop

1<I#M<K (=0 m=0
x Tr(Q 1O QMO QU O I0L0)
+ Te(QEQUIQR QIO 2O QUEH QIO
. Q%M—m—lﬂing\4+1Qilﬂg\uzQil o Qi}l—lQElQ%Q£1>>
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+4Z 3 <—Tr (QLOTIOEOTIQET Q! - QU O Q2O

I=1 l+m<i;—2

+ TI'(QE QflQmelglj—é—m—2Qflﬂil+1Qfl L Qg—l Qil))

)_l
.

ir— 1

M —
=2 § : E : (Nu(%l =Lirgt,inr—1,m) Wi —m—1sipr4 1,0 ir—1,£)
1<IAM<K £=0 m=0
+ u(myiA{—lviAl—Q--wiI-‘—l7i1_é_17i]v1_m_177;M+17-~-7i1—17£))

K
+4 E : E : (Nu(e7m7il+1 ----- ir_1)W(ir——m—2) + Uig—t—m—2,m,iri1,..., i171))’

I1=0 l+m<i;—2

and
_ 0 _ 0
Tr {(QLl)Tﬁ_APU(h ..... zK)(QLl)TaTPU(Jl ..... j) | =
K L ij—1j5—1 5 ‘ ‘
=22 el <Tr(9;f“ﬂﬁﬂi§“ﬂﬁ Q0RO

. Q%]—m—lgilﬂ.li]+1 QEI L. Q%)J_lgingbﬁil)
+ Te(QpQp QE O Qe QT !

. QJP')J—m—lQElQJP')J+1QEI L QZPJ—lQElQ?QEI))

(u(il_e_lyil-',—l7~~v77;1—17€7jj_m_17jJ+17-~~7jJ—17m)

0
0
)
I
o~
]

o
I

o

+ u(&il1,~-~7i1+17i1—f—1,j1—m—1,jj+1,--~,jJ1,m)) :

Then one obtains the right hand side of (B.3). O
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